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Abstract 

We establish a rigorous well-posedness results for the Marchenko system associated to the 
scattering theory of the one dimensional Gross-Pitaevskii equation (GP). Under some assumptions 
on the scattering data, these well-posedness results provide regular solutions for (GP). We also 
construct particular solutions, called A—soliton solutions as an approximate superposition of 
traveling waves. A study for the asymptotic behaviors of such solutions when t —^ ±oo is also 
made. 


1 Introduction 

In any space dimension A, it is usual to call nonlinear Schrodinger equation (NLS) the evolution 
equation 

idtM-b Am- b/(| mP)m = 0, x S tsR (1) 

where / : R+ —>■ R is some smooth function. We often complete this equation by the boundary 
condition at infinity 

lim |M(t,x)p = po, 

|a;|—>-+oo 

where the constant po > 0 is such that /(po) = 0. Equation (NLS) is called focusing when /'(po) > 0 
and defocusing when /'(po) < 0. 

These equations are widely used as models in many domains of mathematical physics, especially in 
non-linear optic, superfluidity, superconductivity and condensation of Bose-Einstein (see for example 
[mis])- In non-linear optic case, the quantity |up corresponds to a light intensity, in that of the 
Bose-Einstein condensation, it corresponds to a density of condensed particles. 

In the following, we extend by Gross-Pitaevskii equation the one-dimensional non-linear Schrodinger 
equation with cubic nonlinearity, namely 

idtu +dlu+{1—\u\'^)u = Q, (GP) 

and for which the data at infinity satisfies 0 po = 1. 


Mnlti-soliton solutions 

In the early seventies, Shabat and Zakharov discovered an integrable system for the one-dimensional 
cubic Schrodinger equation. They also proposed a semi-explicit method of resolution through the 

^Departement de Mathematiques, Universite Paris-Sud 11, F-91405 Orsay Cedex. haidar .mohamadamath.u-psud.fr 



theory of inverse scattering. Their resnlts were presented in two short articles, the first one is devoted 
to the focusing case [3] and the second one is devoted to the defocusing case (i.e. to the Gross- 
Pitaevskii equation (EQ) 0. A similar structure was discovered a few years earlier by, Green, 
Kruskal and Miura [6] for Korteweg - de Vries equation 


dtv + d^v — 6vdxV = 0. (KdV) 

These equations have in common special solutions called solitons, which play an important role in 
dynamics in the long time. In the following, we extend by soliton a progressive wave solution, i.e. a 
solution of the form 

u{t,x) = U{x — ct) 

where U is the wave profile and c its speed. For the Gross-Pitaevskii equation dGP]), such solutions 
(of finite Ginzburg-Landau energy except for trivial constant solutions) exist if and only if the speed 
c satishes c G \/2). In this case, for a fixed speed, the profile is unique modulo the invariants of 

the equation: specifically 

u{t, x) = e^^°Uc{x — xq — ct) 

where Uc is explicitly given by 


Uc{x) 



( 2 ) 


and 00 , Xq G K are arbitrary and reflect the invariance by renormalization of the phase and translation. 
We will prove the following result : 


Theorem 1.1 Let N > 1, ci <■■■< cjv € (—\/2, \/2), do G R o-nd Xi, - ■ ■ , xn G M 6e arbitrary and 
fixed. There exists a smooth solution u for the Gross-Pitaevskii equation dGP]) on whole K x K such 
that 

lim u{t,x-\- Ckt) = - Xk - rjf), 

t —¥-^00 

for all X gM. and A: € {1, • • • , A^}, with 


N 


Vk = 




2 - CjCk + J2- (?j\/2 - ( 


^ j=fc+i \ 2 - CjCk - \h - 


A+ = 


and 


k-l 


2 ~ CjCfe + ■\/2 ~ \/2 — 


V'2-C^ § \ 2 - c,ck - 


= arccos(-^), j = l,- 


,N. 


Af^ = e ^ 


In other words, in each coordinate system in translation with speed Ck, the solution u behaves 
asymptotically when t —>■ ±oo like the soliton Ucf. translated appropriately, and the translation factors 
when t = ± 00 , given by rf^ and 77 ^, can be interpreted as a shift of binary collisions between the 
solitons. A similar result for the focusing equation was described in [3], but the equivalence of Theorem 
ll.ll has not been proved by 0. 

The solutions of Theorem ll.il are obtained via an integrable system 0 called Marchenko system. 


^More exactly, through a family of integrable system depending on two real variables. 




















Let /3 : M —>■ C and N gN*. For ^ G K, we set 


^ = m = \ie + l. 

ci(0 = /3(A) + ^(-A), 
/3(A)-^(-A) 


C2(0 = 


A 


Assume that the function ^ !->• /3(A(^)) belongs to the space L^(R) fl L^(R). Consider: 

1. N real numbers —< Ai < ... < Aat < 

2. N real strictly negative numbers /ri, 


Finally, we define the functions of real variable 

N 


Fii{z) = y^/rfcAfc( 


1 /■+“ 


fe=i 
AT 






1 /■ + 00 

= F22iz) = — 

fe=i ^ 


F’l = Fi 2 — Fii, F2 = F22 — ^ 21 , 


with j/fc = 1/2 - At,fc G l,...,iV. 


Proposition 1.2 Let n > 0 be sueh that 

A^A"+2/3(A)gL“([^,+oo[). 

There exists a constant cq > 0, depending on N, n, Xi and pi, such that if 

I|A"/3(.)||l~([^,+oo[) < eo 

then for every a; G R the Marchenko system (with parameter x) 

( 2^/2'i>i{x,y) = F2{x + y) 

J -/,)'’°°[\/ 2 ^' 2 (a:,s)(Pi(s + y) - 1 ^ 2(5 + 2/)) + ^i{x,s)F 2 {s + y)]ds, 

I 2 y/ 2 ^ 2 {x,y) =-^{Fi^x+ y) FiF!^{x Fy)) 

^ s)iFi{s + y) + iF^is + y)) + ^' 2 ( 2 :, 3)^2 (s + y)]ds, 

has a unique solution ^'(a:,.) G {Hy{y > x))^. Moreover, the function 

^ : R X R”*" —>• : ^(a:,p) = 'i>{x,x + p), 

belongs to the spaee C^(R, (7L"'“^(R+))^), k G {0,..., n — 1}. 


(3) 


(4) 


The well-posedness in the previous proposition are obtained by perturbation of the case /3 = 0, 
which corresponds to the exact multi-solitons solutions, and for which the result is completely of 
algebraic nature. 

We refer the reader to [7] and [8] for more details about the derivation of Marchenko system via 
the scattering theory associated to (GP). We focus in this paper on the other direction where the 
link with the Gross-Pitaevskii equation is obtained by the following proposition which introduces an 
additional time parameter t in Marchenko system: 






Proposition 1.3 Assume that 

(3{t, X) = c(A) exp(-4iA^t), fak{t) = exp(4Afct'/ct), l<k<N, 

where the are assumed to be strictly negative and the function c satisfies assumptions ([3]) above. 
Then if the quantity ||A"c(.)||j;^oo(-[^ +oo[) small enough, for every (t,x) € the Marchenko system 

(with fixed parameters x and t) has a unique solution "^{t,x,.) G {Hyiv > such that ^ G 

C^(R^, for all k gN with k < ^. Moreover, if n>3, the function 

u{t, a;) = 1 + 2-\/2i^i2(i, x, 0) 

is solution of the Gross-Pitaevskii equation in C^(K^) such that u(t ,.) G C^(]R) for all t G K. Finally, 
if the Vk are pairwise distinct and c is a real-valued function, for t G K fixed, we have 

lim {u(t,x) — U]s[(t,x)) = 0, 

a;—v±oo 

where un is the solution corresponding to fi = 0 (the other coefficients Xk and /i° are left equal). 

The solutions mentioned in Theorem II .11 are exactly the above solutions un. The link between the 
speeds Ck of Theorem 11.11 and the coefficients Xk of Marchenko system is given by the relationships 
Ck - 2 A/j;. 


2 A/^-soliton solutions 

The purpose of this section is the resolution of Marchenko system when /3(A) = 0. We set 

1. N real numbers —< Ai < A 2 < ... < Aw < 

2. N negative real numbers /ii,/i 2 , ...tPn. 

In this case, the Marchenko system is rewritten as follows 


2V2Ti{x,y) = 


N 




N 


p-\-oo 

+ '^e~'''^y / [\/2T2{.x,s)pk{Xk + ivk)e~''*^‘^ + Ti{x,s)pke~''’‘'']ds, 

fe=i 


(5) 


N 


o-^kV 


2y/2T2{x,y) = a/ 2^//^(-A/e + zi/A:)e 

k^l 

^ /*+oo 

+ ^6“'^'“^ / [V2Ti{x, s)p,k{Xk - ivk)e~''’’'' T2 {x,s) fj,ke~'''''’]ds. 

t J X 




This means that Ti and T 2 take the forms 

N N 

^i{x,y) = ^ffix)e~''^y, T2{x,y) = ^gj{x)e~''^y. 

i=i 1=1 


( 6 ) 



Denote ak = — ivk), hence 

^+oo 


^+oo p-\-oo ^ 

/ T2(x,s)e-'^''"(is = / 

Jx Jx 


N 


= '^9jix) 


i=i 


^-{l^j+Vk)x 

V-t + Vk 


Similarly, we have 


i=i 


/.+00 Ji 

/ Ti(x,s)e“‘''“®(is = ^/j(x) 

Jx ,_i 

and the two equations ([S]) and m become 

N 

2v^Ti(x, y) = -y^jike 


Z/j + Z/;, 


k^l 

N N 


+ ^ e ‘''=^y^[V2afcgi(x) + yfc/j (x)] 


fc=i j=i 


■:>-{Vj+Vk)x 

Vj + 


2y2T2(x,y) = 


N 




A:=l 

N N 


^ e ^[V2afc/j(x) + /r/cgj (x)] 


fc=i i=i 

Identifying the terms with factors exp(—^fcy), we get 

N 


■:>-{Vj+Vk)x 

Vj + Vk 


2v^/fc(x) - y^[yfc/j(x) + \/2afcffj(x)] ^ — = - jii^e , k e {1,2,..., N}. (7) 


i=i 




+ t^k 


r- r- p-(l'j+l'k)x 

2\/2gk{x)-y^[V2akfj{x) + fikgjjx)] , — =-V^a^e fc G {1, 2,..., A^} (8) 


i=i 




Assuming x as a parameter, the 2N equations ([7]) and ([5]) correspond to linear system with 2N 
equations and 2N unknowns. To analyze its resolution, we set 


T = 


1 /A 


2V2\B AJ’ 


--Moy 


V*,j G {1,2,.., A^} {A),j = -gi' 


VI,jG{l,2,..,iV}, 

^ ^ Vz,jG {1,2,..,7V}, 

y* + fJ-j Mi + Mi 

(Ci)fe =(C2)fe =-v/2afce-"'“" Vfc G (1, 2,.., iV}, 


^ p-ifj'i+k-j)x 

{B)ij = -\/2ai—-—— = -(3i 


o-(Aii+Aij)£c 

Mi + Mi 

Q-{k-i+k-j)x 


with 














(9) 


{F^)k = fk, {F^)k = gk Vfce {i,2,..,iV}, 

so that © and (0 can be rewritten in the matrix form: 

(/ + T)F = C. 

Proposition 2.1 The matrix (/ + T)(x) is invertible for every a: G R. 


Proof. The idea of this proof is to demonstrate that —1 is not an eigenvalue for T. To this end, 
define 

'In 0 

D In, 

with D G AlAr(C) is a diagonal matrix defined as follows {D)ii = —^ VjG{l,...,iV}. Using the fact 

that 1/3* p = nf, we get 


Q = 


QTQ-^ = 


1 


fA- DB B 


2^2 VO 0^ 

hence we have the following equivalence 

^(-1 G Sp{T)) ^ -.(-1 G Sp{A - DB)) ^ det{A - DB + lN)ix) ^ 0, Vx G M, 

where 


A-DB=- 


(^1 




/ iFi+Pif^)^2ui- 

(M2+^2f7)® {T2 + 02^)- 21^2 

V(/rAr +^ + 




' /lAT I V2+DN 


{tn + Pn^) 


M2 ' !2i+1'2 

Denote now D = —diag{pi, p 2 , ■■■,gN)- Then we have 

det(A - DU + /at) ^ 0 o det((A - DB + In)D) + 0, 


MAT ' 


since det(l)) = n^iC^A^fe) > 0, and 


{A-DB)D = 


( (Mi+/3i/3i) 

(M2/^1 + ^2/3i)- 


2i-'i 


D-1+D2 


{gig2 + /3i/32)' 

(M2 + ^ 2 ^ 2 )^^ 


-(i^i+U2)x 


D 1 +D 2 

2 . n n \ p-2^2^ 


I/l+DiV 

p-(*^2+*^Ar)^ 




vi+’^N KNi'i h'n 1 * 1 + 1*2 

It is clear that the matrix (A — DB)D is Hermitian and that 


(TiTn + PiPn) 

{T2TN + ^2/3Ar) 

{t% + PnPn)^^ 


a-db)d) = 

/ ij 


«/ —00 


Let now Z G C-^\{0}. Then 


<{A-DB + In)DZ,Z > = < {A-DB)DZ,Z > + < DZ,Z > 

r-x N X N 

\'^PiZ^e''P\^dt+ / \'^PiZ^e''P\'^dt-'^pi\zi\ 


N 


i=l 

> 0 , 


i=l 


2=1 


which means that the matrix {A — DB + In)D is positive definite, hence det(>l — DB + In)D ^ 0. 
Thus, the proof is completed. ■ 


























3 Resolution of Marchenko system: proofs of Propositions 11.21 
and 11.31 

3.1 The case with no time dependence 

The solution corresponding to /3 7 ^ 0 will be obtained by perturbation of the A^-soliton solution 
constructed in the previous section. Denote T = the solution of Marchenko system a corre¬ 

sponding to /3 = 0 and the same values of the other scattering coefficients, i.e. Xi and fii. Define 


( 10 ) 


The Marchenko system (jT]) is thus transformed into a system for d/'’ = ( 

{ 2 V 2 h + y) = y), 

where the two components .) and {ilj;'i>^)2{x ,.) of are given by 

^+00 p+00 

{n^'i>'^)i{x,y) = - V 2 %{x,s){Fii - iF2i){s + y)ds - 'I’Hx, s)F2i{s + y)ds, 

J X j X 

c+oo c+00 

{Vt^^'^)2{x,y) = - j \/2^\{x,s){Fi+iF!2i){s + y)ds- j s)F2i{s + y)ds, 

J X J X 

and the two components {F'^'')i{x,.) and {FW)2{x,.) of F'^'"{x,.) are given by 

p+oa 

{F^^)r{x,y) = - V2iT2 + %){x,s){Fi2-iF'2){s + y)ds 

J X 
^ + 00 

-I- / {Ti + ^l){x,s)F22{s + y)ds + F22{x + y), 

J X 


( 11 ) 


c+oo 


{F^^)2{x,y) = - V2{Ti + ^l)ix,s){Fi2+iF^2)is + y)ds 

J X 
c + OO 

+ / {T2 + ^'2){x,s)F22{s + y)ds + \/2{Fi2FiF22){xFy). 

J X 

The operator S C{Ly{y > x)) satisfies the following property: 

Lemma 3.1 The operator is positive independently of x. Namely, 

p +00 

/ V$ e > a;))2. 

J X 

Proof. In view of the definition of Fn and F 21 , we have 


c+oo W ^+00 

/ e-''‘y<S>,iy)dy\ 

Jx Jx 


W c+oo c+00 

-V2'^ykiXk+ivk) / e“'^'=®<i) 2 (s)ds / e“‘"'“*^l>i(?/)(is 

k=i 


( 12 ) 


( 13 ) 







3.1 The case with no time dependence 


and 


^+oo ^ p+oo 

/ / e-"''^d>2(2/)d2/| 

Jx Jx 


/• + 00 ^+00 

-v^E Pk{>^k-ivk) / e / e ''>^y<^ 2 (.y)ds. 

fe=i 


(14) 


Combining m and m, we obtain 

^+00 ^ p-\-oo 


/‘ + 00 ^+00 ^ ^ + c>o 

k^l k^l 


N 


-\-2'\/2 '^ ^ Ix^Xj^Re 
k^l 
N 

-2'\/2^//fci/fc/m 


^+00 


^+00 


e-‘^'“"$2(s)ds 




fc=i 


f +00 ^+00 

e“'^'=®(j)2(s)(is / ) . (15) 


Since pk are assumed negative, the sum of the last two terms of the right-hand side of (HH) is upper- 
bounded by 


N 




^k~^^k 

k^l 

^ / r+oo 


+00 


+00 


e ‘"'“®<i)i(s)ds / e '^'"^^ 2 {y)dy 


/ ^+00 ^+00 \ 

<-E^'=(l/ e“'''“^$i(y)dyp-b I / e“''''^$2(y)dyN • 

^_1 \ -'x Jx / 


Then 


^+00 


$ > 0 . 


The operator 2y/2Id -b flj, G C{Ly{y > x)) is coercive independently of x. Namely, we have 

/.+00 

/ (2^/d + b!,)$-l>> 2^211 $11^2, V$G (L^(y>a;))2, Va; G K, (16) 

J X 

which implies that it is an isomorphism on {Ly{y > a;))^ and that l\{2j2Id + flx)~^l\c{L^) ^ This 
allows us to establish the following corollary: 

Corollary 3.2 For every fc G N, the operator 2j2Id + is an isomorphism of 
C{Hy{y > x)). Moreover, we have 

\l{2j2Id + fix) ^|||£(_fa'^) < 

Proof. Let $ G {Hy{y > x))^. We know that there exists a unique 0 G {Ly{y > x))^ such that 

{2V2Id + fix)e = $. 







3.1 The case with no time dependence 


In view of the definition of fix, we have G {Hy{y > cc))^, hence 

e = ^inxe-<^)G{H^iy>x)r. 

This proves that 2^Id + ■ {Hyijj > x)Y —t {Hyiu > a;))^ is invertible, hence 2^/2 is not an 

eigenvalue for —fix G C{{Hy{y > a;))^). This operator is compact, since it is a finite-rank one. Then 
in view of Fredholm alternative, 2\/2 belongs to the resolvent of —Tlx- This means that 2^/2Id + Tlx 
is an isomorphism on {Hy{y > x)Y. On the other hand, the point spectrum of 2^/2Id + Tlx relatively 
to the space {Hy{y > x)Y is included in the point spectrum relatively to {Ly{y > x))^, and similarly 
for {2\/2Id -f Since Tlx G C{{Hy{y > x))'^) is compact, the spectrum of 2y/2Id + Tlx contains 

only eigenvalues. We deduce therefore that 

l\{2V2Id + Tlx) < li^V^Id + Tlx) ^|||£(L2) < 


Equation m is equivalent to 

y) = {2V2Id + Tlx)-^J^'T'^ix, y). (17) 

For a; G M, we use the fixed point argument to prove that (HZl) has a unique solution .) G 

{Hy{y > x))'^. To this end, the following lemma will be needed: 

Lemma 3.3 Let a: G R. The function T defined above is Lipschitz continuous on {Hy(y > x))^ and 
there exists a constant C > 0 depending on fi such that for all .), 'I'*(x,.) G {Hy{y > x))^, we 

have 

IKJ-VI/’' - J-VE-')(X, .)\\(H^(y>.))^ < CW{x. ■) - .)\\(H^(y>x)y. 

Proof. Let 'I'’'(x,.), 'k*(x,.) S {Hy{y > x))^. For every k < n, we have 


- T¥),{x,y) 



V2i% 


¥,)ix,s)iF,2-^F^^)<^'^\s + y)ds 



'i>[){x,s)F^^\s+ y)ds, 


(18) 


r-\-oo 

- F¥)2ix,y) = - V2{^{-¥,)ix,s){F,2+tF'^)<^'^\s + y)ds 

J X 

r-\-oo 

+ i'i’2-'i’2)iXys)F^^\s + y)ds, 

J X 


where 


{F,2 - ^F^2)^’^Hs + y) = ^ ((1 + |)/3(A) + (1 - |)^(-A)) 

F22\^ + = ^(/3(A) - /3(-A))e*«^+^)de. 


Denote 






4(-o = (1 + T)m + (1 - t)^(-a) , 


A 




e.(-e) = ^(/3(A)-/3(-A)). 


(19) 


A 







3.2 Variation for Provo sition\ 1 .3\ : addition of time dependence 


Since A !->■ A”+^/3(A) is assumed to be in +oo[), there exists C > 0 such that 

ie"A2/3(A(e))| < A'=+2|/3(A)| <C,kG {0,...,n}. 

Then dk,ek G L^(K.) fl L°°(M.) and (IT^ can be rewritten as follows 

- J^¥)i{x,y) = f ujl{s)ek{s + y)ds - [ ujl{s)dkis + y)ds 

Jr Jr 

= (wx * eki—))i-y) - [ujI * 4(—))(-?/): 

( 20 ) 

with a;^(s) = l]x,+oo[(^'I - ^i)(a;, s), w^(s) = \/21]^^+oo[(^2 “ where dk,ek are the Fourier 

transforms of dk,Ck respectively. Since the functions dkjef, and belongs to L^(K.), we have 

^l*ek{—) = F-^[wldk], a;^*e'fc(—) = F-^[ujlek\, 

where F“^ is the inverse Fourier transform. This implies that the left hand side members of previous 
equations belong to L^(K) and that — T'F’‘){x,.) S {L^iy > x))^. Applying the Fourier 

transform on (|20p and taking the L^(R) norm, we obtain 

.)|U2(,>,) < V2\\dk\\L^(MM% - •)llL5(y>.) 

+ l|efe||L“(R)ll('I'l ~ ■)\\Ll{y>x) 

< 2V2||A'=/3{.)|Loo([^.+^[) 

x(||(vI/J-vE-')(x,.)|U.(,>,) 

+ 11(^2 -^2)(^,-)llLJ(y>.))- 

A similar argument yields the same inequality from m- This completes the proof. ■ 

Consequently, if ||A”,5(.)||2,oo[^ is small enough, the operator {2\/2Id + has a unique 

fixed point '^'^(x ,.) € {Hy{y > x)Y which is the solution of ((TUI) . 

3.2 Variation for Proposition 11.31 : addition of time dependence 

Assume that 


/3(t, A) = c(A) exp(-4iA^t), yk{t) = exp(4A/cr'fet), 1 < fc < A^. 

In the case c = 0, we deduce, following the same steps followed in Section [Uj that there exist two 
families {fk}, {gk} of functions in the space C°°(K.^) such that for all (t,x) G the function 

( N N 

^ fk{t, ^ gk{t, x)e~''’’y 

k=l k=l 

is the unique solution of the corresponding Marchenko system. The dependence on t of the two 
operators and T does not change the previous results. More specifically, the operator stays 
non-negative independently of {t,x) G K^. This allows us to establish a similar corollary to Corollary 
o On the other hand, we have 

||e'=/3(CA{.))|U~(M) = n. 

Hence, if |lA"c(.)||j;,oo([j^ is small enough, for all (t,x) G the operator {2\/2Id + has 

a unique fixed point 'I'’'(t,x,.) G {Hy{y > x))^ which is the solution of (ITUl) . 





3.3 Regularity with respect to x and t of Marchenko system solutions 


3.3 Regularity with respect to x and t of Marchenko system solutions 

To give sense to such regularity, the following reformulation 

^{x,p) = ^{x,x + p), (a:,p) G M X R'*", 

which makes the domain of variables fixed, will be useful. Equation (nni) can be rewritten as follows 


{2V2Id + + %T + F,, 

where Fx is the linear part of the operator T. Namely, 


( 21 ) 


^+oo 


Tx{t)<^{p)=J f{t,s + 2x+p)<^{s)ds, 
^x{^)Hp) = n(t,s + 2a;+p)$(s)ds, Q. = - 


F 21 


-•\/2do\ 
eo ) ’ 

y2(Fn - iF!,f) 
F 21 


and 


Fx = 


F22{‘2x + ■) 

V2(Fi2 + iF'2)(2x + -)J • 


The operator {2\/2Id + [Ixit)) has the same properties as {2\/2Id + Vtxit)), i. e. it is coercive 
independently of on the space (L^(IR+))^. We set 

= {2V2Id + flj-+ {2V2Id + + Fx) 

:= Mx-^ + Rx- 


Lemma 3.4 Assume that n > 3. Let k he an integer such that k < ^. The operator Aix{i) G 

£((^n-2fe(l^+))2) 

is contraction independently of t, x. Moreover, The application 
^ £((it”-2'=(K+))2) : {t,x) Mx{t) 


is of class C^(R^). 


Proof. The contraction property of Mx{t) is a result of the fact that {2\/2Id + Llx{t))~^F is con¬ 
traction independently of {t,x). The two applications {t,x) !->■ Tx{t) and {t,x) !->■ 2y/2Id +ila;(t) are 
of classes C^(R) and C°°(R) respectively. In fact, we have T G i7”(R). Then there exists C > 0 such 
that for alH G M, $ G (i/^(R+))^ and j G {0, ...,n — 1}, the norm of the term 


{r^hTi-) - T(-)) - T'(-)) it) * 1 




(-2a;- •) 


is upper-bounded by 


C 


Q (rifdf-f)-f^^'\t) 




L2(R) 


where is the translation with respect to x. Hence, the fact that 

0 ) 


lim 

/i—fO 


' (t) 


= 0 , 


LR 













3-4 Construction of the Gross-Pitaevskii solution 


proves that the application R —?> : a; i—>■ 7i(t) is differentiable. On the other hand, 

dominated convergence theorem and the continuity of Fourier transform on L^(]R), for every j 
{0,n — 2} we have 


lim 

/t-j-O 





L2(R) 


= 0 . 


by 

G 


This proves that R —>■ '■ 1Tx{t) is differentiable. Similar arguments prove that the partial 

derivatives d{dl.Tx{t) exist in £((i?"’“^^“*(R))^). On the one hand, we have dil3{t, A) = (—4*A^)^/3(<, A) 
et |A^p < . and on the other hand, the partial derivative d^. of the kernel T in Tx involves the 

power l^p. Hence, since T G i?"'(R), the application {t,x) !->■ Tx{t) is of class C^(R^, (iJ"“^^(R+))^). 
Moreover, the application U !->■ U~^ G C/£((iJ"“^*^(R+))^) is of class C°°. Consequently, 


R2 ^ : (t,x) ^Mx = (2^21^ + flxy^Tx 

is of class C^(R^). ■ 

For (n, /c) G N* X N such that n > 3 and k < we define the function 
/C : R2 X (Ff"-2fc(R+))2 ^ (Fr"-2fe(IR+))2 as follows: 

IC{t,x,<^>) = <i> - Mx{t)<i> - Rx, (a;,$) gRx (i7"-2'=(R+))2. 

In view of Lemma [3.41 /C is of class C^. Finally, for all (t, x) G R^, we have 


1. IC{t,x,^'"{t,x,.)) = 0. 

2. d<s>K{t,x,'^{t,x,.)) = Id- Mxit). 

In view ofLemma l3.41 MJi] is a contraction, \Mx{t)\c{H-^-'^’‘) < 1. This implies that 94,/C(t, x,.)) 

is an automorphism. Consequently, both the implicit function theorem and the uniqueness of x,.) 
imply that G C^(R^, (iL"“^^(R+))^). For fixed t G R, a similar argument proves that if n G N*, 
then for every integer k such that k < n, {t, .,.) G C^(R, (iJ"“^(R+))^). 


3.4 Construction of the Gross-Pitaevskii solution 


In this section it will be proved that the function 

u(t, x) = 1 + 2y/2i'^2{t, X, x) = 1 + 2V2i^2(f, x, 0) 
is a solution of Gross-Pitaevskii equation. To this end, the following lemma will be useful 


Lemma 3.5 Let (4'i,4'2)* the solution of Marchenko system under the assumptions of Proposition 
[m with n > 3. Denote 

4'i 4'2 


4- = 


4*2 4'i 


Let {\,£f) such that ^ and Im{£f) <t). Let X{x,\) = e (^y2(A ^)y ' 

r+oo 

tp{t,x,X) = X(x, A) — / ^{t,x,s)X{s,\)ds 

J X 

Id— J ^{t,x,p)e~^^^dp^ X{x, X)ds, 


Xi = (y3-I)5e*-?"^i, X2 = (V3+l)^e*^"V'2, ^ 







3-4 Construction of the Gross-Pitaevskii solution 


Then 'ip{t, A) G C^(K.) is a solution of 


with 


Moreover, we have 


M = 


1 0 
0 -1 


iMd,,V + QV-XV = 0 

, Q{x) = 


( 22 ) 


0 q{x) 
q{x) 0 


, and q = - u. 

2 


,E 


9tx - Bx = 


(23) 


with X = 


Xi 

X2 


, B = — 


1 0 
0 1 


-p' 


Proof. The proof depends essentially on the well-posedness of Marchenko system and the choice of 
the function 

/3(t, A) = c(A) exp(—4iA^t). 


Since n > 3, we have the following regularity Jl, = 


ill 


e Cl 




and ^(t,.) G 


C^(R, for all t G M. To prove that if is a solution of (1^^ . it suffices to prove that 4' 

satisfies the linear system 


0 


iMd^^-l-idy'^M-'^Qo-l-Q(x)'i> = 0, Qo = j ■ 

In fact, replacing Q by Qo, satishes the system (1^^ . Hence, we have 

^+oo 

iMdxif + Qip — \if = {Q — Qo)X — {iMdx + Q — Xld) / 'I')!, s)X(s, A)fis 

J X 

= {Q-Qo)X + iM-^{x,x)X 

p + OO 

— / (—i9s4'(a;, s)M +'I'(ai, s)(5o — A4 >(x, s))X(s, A)(is 

J X 


(24) 


(Q — Qo + iM'^{x,x) — i'^{x,x)M)X 

f* + 00 

(^4'(a;, s)M + s)(5o “ A4'(a;, s)) ^(s, X)ds. 


A simple calculation proves that (^'h(a;, s)M + 'h(ai, s)(5o — A4'(ai, s)) X(s, X) = 0, and since u(x) = 
1 + 2-\/2z4>(x, x), we have 

Q — Qo + iM'^{x, x) — j4'(x, x)M = 0. 

To verify that ik satisfies we set 


4'2 + g4'2 , 


C2 = [dx - dy)-^2 - I 

Then by direct calculation we find that p >->• C{x,p) = {Ci{x,x +p),C' 2 (x,x + p))* G (L^(IR+))^ 
satisfies the homogeneous Marchenko system 

{2^^2Id + H JC = TxC, X G M, 



Cl = (dx + dy)^i - ^ - 


V2 





3-4 Construction of the Gross-Pitaevskii solution 


which has a unique trivial solution (7 = 0. This proves that satisfies the linear system (1241) . To 
prove (USD, denote h = Then (P5)) is equivalent to 


dth = g, 


(25) 


with 






9 = 


■ 73-i g u 

V2 *^/3-l 


h + ( 2 -\/ 3 ^ — 2\)dxh + iVid^h. 


Since ^ is a solution of (jz^ . we have 

\ o J / 0 

XOxh — I a n 

0x9 0 


C 9 
9 -C 


dx.h- 


i 0 
0 -1 


dih. 


Substituting into the expression of g, we find that 


9 = 


73+1 


\h + 2( 


V 

* 73-1 / 

r V -1 

(V3 + 1)^ J 


dx.h 


+i 


y/Z-2 0 

0 V3 + 2 


dih. 


Next, note that the dehnition of implies that 

h{t,x,X) = (^y2(A - o) ~ s)X(s,X)ds. 

Hence, Substituting into (E51) . integrating by parts and using (IMl) . we obtain 


(26) 


g{t,x,X) 



G{t, x,x s)Xi' (s, X)ds, 


with 


G = 




f i(dx + + 2q(dx + dy)'^2 i(dx + + 2q{dx + dy)'i>i \ 

\-i(dx + dy)‘^'^2 + 2.q(dx + i9y)4'i -i{dx + dy)'^'^i + 2q(dx + i9y)4'2/ ' 


On the other hand, we have 


r-eao 

dth{t,x,X) = — / x, a: + s)7f(s, A)ds. 

Jo 

Then to prove (1^ . it suffices to prove that for every {t,x) G 

dt'^'(t,x,.) =-G(t,x,.). (27) 

To this end, we verify that for every (t,x) G the two functions dt satisfy the 

same Marchenko equations in the space (Ly(g > x))^ by using the relationships 

dtFi(t,z) = -2dzF2(t,z) -\-2diF2(t,z), 


dtF2(t,z) = -4(9^Fi(t, z). 











3-4 Construction of the Gross-Pitaevskii solution 


which are provided by the definition of Fi and F 2 . Differentiating Q (in its version depending on t) 
with respect to t, we have for every y > x 

2V2dt'^i{t,x,y) = Di{t,x,y) 

|.+oo 

- / V 2 'ii 2 it,x,s){Fi{t,s-\-y)-iF 2 {t,s-\-y))-\-'i/i{t,x,s)F 2 {t,s-\-y)ds, 

J X 

2V2dt^2(t,x,y) = D2{t,x,y) 

^+00 

- / \/2'iii{t,x,s){Fi{t,s + y) + iF2{t,s + y)) + 'i/2{t,x,s)F2{t,s + y)ds, 

J X 


with 


r+oo 

Di{t,x,y) = - V2'i’2{t,x,s){4F2”{t,s + y)-2F2{t,s + y) + iiF[{t,s + y))ds 

J X 

/*+oo 

+4 / 'lii{t,x,s)F[{t,sFy)ds-'^F[{t,x + y)), 

J X 


r+oo 

D 2 {t,x,y) = 4 / ^ 2 {t,x,s)F[{t,s + y)ds 

J X 
c-\-oo 


|•+oo 

- / \/2^i{t,x,s){AF2{t,sFy)-2F2{t,sFy)-‘iiF[{t,s + y))ds 

J X 

+y2(4F2"(t,x + y) - 2F2(t,x + y) - AiF[{t,x + y)). 

On the other hand, differentiating Q with respect to x and with respect to y, integrating by parts 
and using (El), we obtain 

2\/2dtGi{t,x,y) = Dx[t,x,y) 

r-\-00 

- / \/2G2{t,x,s){Fi{t,sFy)-iF!2{t,sFy)) + Gi{t,x,s)F2{t,s + y)ds, 

J X 

2V2dtG2it,x,y) = D2{t,x,y) 

^+00 

- / V2Gi{t,x,s){Fi{t,s + y) + iF 2 {t,s + y)) + G 2 {t,x,s)F 2 {t,s + y)ds. 

J X 


Consequently, for every {x,y) G the two functions dt ( ) and n ) satisfy the 

\y^ 2 (c, a;, .jy \G 2 [t,x,.)J 

same Marchenko equations in the space {Ly{y > x))^. Thus, the conclusion follows from the unique¬ 
ness. ■ 


Since tp is a solution of (l22]) . % is a solution of 

Lx = Ex, 

^(1 -I- '/i)id: 
equation, i. e. 

On the other hand, we have 


with L = 


I , and in view of (El, 9tX — Bx is also a solution for the same 
(1 v3jz^x/ 

L{dtx - Bx) = E{dtx - Bx)- 


dtLx + Ldtx = Edtx- 

Combining the last two equations, we find that 


{dtL-[L,B])x = 0. 



3.5 Behavior of the constructed solution when x —>■ ±oo 


Hence, we have 


(idtu + d^u + (1 - |up)u) (^~ J (^1 + “ 0 S!. 2 ) ix,p)e = 0. 


Let now f = -^{s — i) and A = -^(/(s) — ijf^) with /(s) = s^ + Vs‘^ + 4^. We have 

{^1 + V2{X - 0 ^ 2 ) {x,p)e-^^Pdp = h + V2(A - 0/2 , (28) 


with /i(p) = ^i(p)e v^1r+,/2(p) = S!. 2 (p)e ^1 r+- Thus, for s > 1, the function s !->■ A(s) — f{s) 
is bounded and the right hand side member of (I^Rl) converges to zero when s tends to + 00 . Then for 

every x, t G K, there exists sq > 1 such that 1 — /i ~ ■\/2(A — f)f 2 7 ^ 0- This proves that 

idtu + d^u + {1 — \u\^)u = 0 on 
and u is therefor a solution of Gross-Pitaevskii equation. 

3.5 Behavior of the constructed solution when x ±cxd 

It was proved before that the solution T of Marchenko system corresponding to /3 = 0 is of the form 

N 




or 


N 


T(t,x,p) 0 . 




\gk{t,x)e 


We have the following lemma 

Lemma 3.6 If Vk o,re pairwise distinct, the functions 

9 k{i.x) = fk{t,x) = fk{t,x)e~'''‘^ 

are bounded on . 

Proof. Denote ak{t,x) = —2\/2g,f.^(t)e^''’’^. Then developing JT]) and ([5]), we obtain 

I aJfe + 2Ef=ii;;fc = l, fcG{l,...,iV} 

\ OkQk + 2 Y!j=i 17^ = Afe - Wk, k G {1, ..., N}. 

We rewrite the previous system in the form of the following two linear systems 

{Da{t,x) +A)f{t,x) = Ki, {Da{t,x) +K)glt,x) = K2, 

with /= (/i,..., /at)*, g = (gi, ...,gN)\ Da = diag{ai, ...,aN), Ki = (1,..., 1)* and 
K 2 = (Ai — ivi, Aat — wnY■ The matrix A is coercive. In fact, for Z G C^, we have 


(29) 


Uj + 


-I p-\-oo p-\-oo ^ 

— =J e-^''>‘+''^'>‘^ds, {AZ,Z) = j 








3.5 Behavior of the constructed solution when x —>■ ±oo 


It follows from the equivalence of the norms on vect{e ...,e that there exists C > 0 such 
that 

/*+oo ^ 

/ \J2z,e-’^^^\^ds>C\Z\^. 

Jo 

Thus, since the functions Ofc are non-negative, we find, using the usual scalar product in (1291) for 
every (t,x) £ with (/i(t,x), .../iv(t,a;))* and {gi{t,x), ...gN{t,x)Y, that 

N N 

k^l k^l 

and for every {t,x) G 

N N N N 

C'^\fk{t,x)Y < '^fk{t,x), C'^\gk{t,x)Y < y](Afc - wk)gk{t,x)- 

k=l k=l k=l k=l 

This completes the proof. ■ 

Denote now UN{t,x) the solution of (GP) corresponding to /3 = 0. We know that 

U]s[{t, x) = 1 -I- 2V2i'T_2(t, X, 0). 


Then 


uft, x) = UAr(t, x) -I- 2\/2i^{t, x, 0). 


(30) 


Lemma 3.7 Under the assumptions of Provosition FTTM for fixed t £ R, we have 

lim X, 0) = 0. 

fC—>-±oo 


Proof. For fixed f £ R, ^"^ £ C'’(R, (iJ"(R+))2). In fact, we have 


with Rx = AixT. + -I- flx)~^Fx- In view of Lemma [3.41 the operator Mx £ £((17"(R“''))^) is 

d—contraction. Then for x £ R, we have 

< (1 + 0)iir(Lo,+ e\\r{t,x, .)ii^^n + .)||^„ + i|iio(i,.)ik^, 

< (1 + .)\\Hr^ + e\\r(.t,X, .)||^^n + 0||T(t,X, .)||ffn + ||i?o(t, .)||ffn 

+ ^\\Fx{t,.)\\H^. 


The fact that T £ C^(R^, (iJ”(R+))^) ('Lemma [3.h|) and that \\Fx{t, .)||_f/" does not depend on x imply 
that £ C^(R, (i7”(R+))^). To prove the limit, we use (1211) so that 

2y2£" = + TxT + Fx. (31) 


We need now to calculate the limit, for fixed (t,x) £ R^, of right hand side member of de (I5T]) when 
X tends to -boo. We start by the term 

+ 00 

f2(2x -b s -b p)^{x, s)ds. 


^lx^''ix,p) = f 

Jo 




3.5 Behavior of the constructed solution when x —>■ ±oo 


Since G (L^(K+))^), we have 

^+oo ^ /*+oo 

Ux^"'{x,p)\^ <C \n{2x + s + p)\^ds < C{t) / e-2^'=(2^+"+P)(is, 

Jo 

and linia;_>_|_oo ^xi^^ix,p) = 0. Next, we have 

/*+oo 

Tx^''{x,p)= / f{2x + s+p);^''{x,s)ds, 


and 


\Tx^''{x,p)\ < ||T(2a; + •+p)||z,2(r+)|1^’'(x, .)||l 2 (b+) < C{t)\\f{2x+p+-)\\L^R+)- 


The dominated convergence theorem implies that lima;_>+oo ||r( 2 x + p + ■)lli^ = 0- Similarly, we find 
that lima;_>_|_oo 7^X(a;,p) = 0. Finally, we have 


lim F (x n) = lim /^^o(2a;+p)\ _ /0\ 
:->+oo ^ ’ x-^+oo yFo{2x + p)) \ 0 y 


This proves that lima;_>_|_oo a;,p) = 0. The remaining limit is less obvious. To prove it, we will 
prove that for every sequence ixk)kefi of elements in ]R“ which tends to —oo when k —>■ —oo, there 
exists a subsequence (xj(^k))keti such that the sequence (T(t, Xj(k), ■))fe6N converges to zero in 
Let (xfc)fegN be a sequence of negative numbers which tends to —oo when k —>■ —oo. Let ('I'J,)fcgN be 
the function sequence defined by 

: [2xk, +oo[-)> C^, = X.’'(a;fc,P - ^Xk). 

Since, for fixed t, .,.) G C^(IR, (iL”(]R''"))^), we find that there exist two functions G 
G (iL”(]R“''))^ both depending on t and a strictly increasing function 7 : N —>■ N such that 




and X.’^(a; 7 (fc),.) ^'E'* in {H^ 




7(fe) 


in {Lf 

.1 


2 m^^2 

oc \ 


and ^ 'fl in {L\R)f 

The two functions ^{x.yi^k), ■)j'^^(k) satisfy 

/*+oo 

2v^X.’'(a;7(fc),p) = / f{p + s)'Sl^^^^{s)ds 


+ (X;.,(fc)X+ 


r +00 

2 v^^' 7 (fc)(p) = / T{p + s):^{x^(^k),s)d. 

Jo 




(32) 


(33) 


where 


^ / ^+00 \ 

j=i V-^o / 


with Aj = —pj 


1 


V2{Xj - Wj) 


\/2{Xj + ivj) 


1 


. The term converges in (L^^^(IR+))^ and each 


of its components belongs to the closed vectorial space vect{e ..., e ^«^p). Then then there exists 
a family {ci}i=i....Ar G (C^)-^ such that 


N 


nx.,,,,r in (^L(R+))"- 

i=i 




In view of equivalence of norms H on vect{e e we have 


k —^ + ' 

where we obtain 

^+oo 


lim^ (e (y e = Cj, j = l,...,N, 


/•+00 / /*+oo \ 

/ e“‘"^'*'I',(s)ds = lim ( / , s)ds ) = 0, j = l,...,N, 

Jo fe-H-oo \Jq J 

Taking the limit in (1321) and (1551) prove that 


p-\-c>o ^ 

2\/2^^{p) = / f{p + s)'^l{s)ds + Cje~’'^‘^. 

d-oo 

p + OO 

2V2'\>l{p)= f{p + s)'^^{s)ds. 

^0 

Since G {vect{e~^^^^ and T is Hermitian, I we obtain, taking the 

product with T, in (1551) 


2 -\/2||'I',|||2 (r+) — 


^+oo /*+oo 


T{p + s)'I'i(s) • 'Sf{p)dsdp 


' 0 J —oo 

/*+00 /•+00 . 


f(p + s)'I',(p) • 'i!\[s)dsdp 


' —OO JQ 


On the other hand, we have 

Then we finally get 

This completes the proof. ■ 


= 2^11 M-i 11^2(8). 




= 0 . 


(34) 

(35) 
—scalar 


4 Asymptotic of A-soliton solutions in long time: proof of 
Theorem 11.11 


We present in this section the proof of Theorem 11.11 which, in view of Proposition 11.31 focuses on 
the analysis of solutions constructed in Section [2] Keeping the notations introduced in Section [2l we 
already proved that (/ + T)F = C and that 


QTQ-^ = 


fE B 


2^2 VO o;’ 


^It suffices to take into account the two norms ||•||£, 2 (J) and Nc defined as follows 

N 

Ar^($) = max(|cj|), ■I-(p) = 


^Since c is assumed to be real function, we have /3(t, A(^)) = /3(t, A(—J)), then F 22 ^12 real-valued functions and 
T is Hermitian. 








( E “h B \ 

0 21 / 2 / j similar 


and we have (I + T) ^ = Q ^Q. It is easily verified that 


M-^ = 2V2 


{E + 2V2In)-^ -^iE + 2V2lN)-^B 




Hence, we have 


^ ^ \D[-{E + 2V2In)-HIn-^BD)E 


-^{EE2y/2lN)-^B 


D[-{E + 2V2Im)-\In - ^BD) + ^Ij,] ^D^E + 2V2Ie)-^B + j ' 


Consequently, we have 


= D{E + 2V2In)-\-Ci + -Eb{DCi + C 2 )) + -E{DCi + C 2 ), 

2v2 2v2 


with Cl = — 


and C 2 = — 


. Thus, DCi + C 2 = 0 and we finally get 


F 2 = -D{E + 2V2In)-^Ci. 


Recall that 


Hk{t) = /ife(0)exp(4AfcJ^fet), Vfc G {l,2,...,iV}. 


Before discussing the general case of fV-solitons, we discuss the two simple cases where = 1 and 
N = 2. For TV = 1, a simple calculation proves that 


^ , y/2v(X - 

'^i2{t,x,y) = -;=-. 

1 - 2V2j//x-i(t)e2-- 

Then the 1—soliton solution corresponding to data {A,^(0)} is 

ui{t, x) = l + 2^/2i^{t, x,x) = l+ 1 " 2 ^^)’ 

^^t 7 l^ 0 T •0 TJ(A — 1 J_ 4 :U(i\-v) _ 1 _ /l _ \2 mUo cnri \ — 1 t 


where [/(s) = 1 + ^_ 2 ^^^-qo)e 2 .^« ^ ~ yh ~ choice /x(0) = — 1 and A = ^ produces the 

solution 


Ml {t, x) =U{x — t) = 


i + 

1 + y2e(^-‘)' 


The 2—soliton solution, M 2 , corresponding to choices Ai = — 5 , A 2 = ^ and ^i(O) = /i 2 ( 0 ) = —1 is 


U2{t,x) = 


5 cosh(x) + 3 sinh(a;) + Ay/2i sinh(t) 
5 cosh(x) + 3 sinh(x) + 4-\/2 cosh(t) 


Taking into account the frame (in translation) with speed 2 A 2 defined by the variable rj = x — 2\2t = 
X — t, we have 

7 + \/2py 

lim U 2 it,ri + t) = -p— =U{r]), 

t ^+00 1 + 726’; 



iC7(?? + log(2)) 


, .i + 2^/2e^ 

lim U 2 (t,'n + t) =—i -^— = — 

1 + 2^26'' 

i.e. the solution U 2 behaves (asymptotically when t —>■ ±oo) as a progressive wave of speed 2 A 2 . 

Now let us come back to the general case {N G N), for which we can not establish an explicit 
formula for the solution u(t,x). To this end, we rewrite 

u{t,x) = 1 + 2 \/ 2 i'^i 2 {t,x,x) 

N 

= 1 + 2^2* E gj{t, x) exp(—Vjx) 


t=i 

N 

= l + 2V2iY^Gj{t,x). 

i=i 

Hence, we need to study the behavior of the sum Gj- To this end rewrite the system (IMl) as 


follows 

with 


{E + 2 V 2 In)D-^F 2 = -Cl, 

(C)fej = —(/ife + Pk — ) 


(39) 


- Pj exp{-{i/k + Vj)x) 


Hj 

/3i 


r'/c + Vj 


{D)kj = -Skj— l<k,j<N, 

fij 


where 


Skj — 


The system (IMl) can be rewritten as follows 


N 


i=i 

which implies 


1, if k = j 
0, if k^ j. 


o-{Vk+Vj)x 


^ ( ( —2\/26kj -pkgj + [Pk + —y—yy ;—gj ] — g-kS ^ fc — 1, 2,..., TV. 


ij i’k + Vj 


2y/2 

Pk 


N 


exp(2i/fca;)Gfe (t, x) + 


Pk gj\ Gj(i^x') 


^ V Mfc Pj J Vk + g 


= 1 , 


with Pk = \/ 2 gki>^k-ivk), gk{t) = /ife(O) exp(4A/c/rfet) and ^ + = '/ 2 {\k+Xj+i{vk + V]))- Finally, 

+ T)Gj(t,x) = l fc= l,2,...,Af. (40) 


we obtain 

2Aifc(0)-i 


N 


Afe — ivk 


exp(2i/fc(x - 2Xkt))Gk{t, x) + v^E 

i=i 


A/c + Xj 


Vk + Vj 


Let fco G {1, We define the frame (in translation) with speed 2AfcQ by the variable 


r/ = X - 2Xkot- 

We will analyze the asymptotic in long time. Note that 

■ exp(2z/fe(x - 2Afet)) = —exp(2r'/c(x - 2Afcot + 2Afcot - 2Afct)) 


Afc ik'k 


Afc — Wfc 

2gk(0)-^ 


^k "^^k 

= Hkig)exp{Avk{Xko - Xk)t). 


exp{2ukg) exp{4vk{Xko - Xk)t) 













The system (HOI) can be transformed into 


Hk{r]) exp{4:iyk{Xko - Xk)t)Gk{t,x) + V2Y,i^^+i)Gj{t,x) = l, k=l,2,...,N. 

We take the limit when t —>■ —oo for hxed 77 . This leads, denoting Gk = limt_>._oo Gk{t, t] + 2Xkot) to 


+ ^)Gj = 1 - SkkoHkMGko 


k = l,ko 


Gk =0, k = ko + 1,..., N. 


We introduce the matrices 

Xk + Xj 


K = V2 


+ i 


Vk + Vj ) ^^k,j<ka 


K- = 


M 


Xk + Aj 


\Vk+Vj J l<k,j<ko-l 


+ i 


and K obtained from K by replacing the last column by a column of ones. Using the Cramer formula 
for (ITT]) , we have 


Sf=i(l “ SikoHkoGko)Kik 


Gk = 


det{K) 


j:';Z^Kik-Hk„Gk,Kk„k 


det{K) 

where the Kik refer to the cofactors of K. For k = k^, we also have 


, fc — 1,..., fco, 


Gko 


det(if) 

det(iF) + det{K~)Hkf) ’ 


so that _ 

^ EtiKik _ det{K)Hk„ 

^ det(iF) det(iF )2 + det(iF-)det(iF)iTfc„ 

Summing the last equation on k, we obtain 

Vr ^tiEtiKik _ detik)Hk, ^ 

det(X) det(iF )2 + det(iF-)det(iF)iTfc„ ^ 


Thus, we finally get 


ko 


Y.Gk 


Si<fe,i</co det{K)^Hko 

det(iF) det(iF )2 + det(iF“) det(iF)iJfeo ’ 


and 


with 


lim u{t,T] + 2Xkot) 

t—^ — OO 


m + a)- 


2Mlon(0)~' 

•^feQ +*t'fco 


((5(/3 + a) — 7 )e 2 ^'=o’' 


/32- 


(Q) 

-^fcn 




r a — 2\/2i J 2 i<k,i<ko 

I ^ = det( jF), 

I 7 = 2\/2idet^ (K), 

[ 5 = det(iF“). 


(42) 






















Proposition 4.1 There exist A G C and G R such that 

\A-\ = l, 

lim u{t,T] + 2Xkot) = A-U{r]-r]^), 

where U is the function defined in which corresponds to pko (0) ^ko ■ 
Proof. Recall first that 

4z^feo(*-^fco - ^'feo) + 1 - 2V2r'/coML^(0)e^‘"'“o’? 


uiv) = 


1 - 


and that 


_ ^l^koi^Xko - + 1 - - ^/ft{a + P))e^’^’‘o^ 

lim u{t,p+2Xkot) = A - - - - - 


t—^ — OO 




Afcp+Wfcp /3 


with A = Then It will be required to prove: 

(i) |A-| = 1. 

(ii) (5 = - ^](4i/fco(iAfco - lyko) + !)■ 

(hi) 


(43) 


^(Afcg+ii^fco) 

In what concerns (i), remark that \4:iykg{iXko — i^kg) + I| = I (since I'ko = \J 1 ~ ); and the fact 

that I I = 1 follows from the following lemma, since 

= detiK) - 2\f2i E 

= det(R'— V^jJfco) + \/2i Kij — 2\/2i E 

= det(Rr — V2iJkg) — 'J2i E 


Lemma 4.2 Let AI G Mn(C) and Jn the matrix whose coefficients are ones. Denote K = M -\- XJ. 
Then 


det(Rr) = det(M) + X E 


i<i,i<N 


where the Kij refer to the cofactors of K. 


Proof. Let U,V G be two column vectors. Then 

det{lN + U.V*) = 1 + {U,V), 

where (,) is the usual scalar product in C^. In fact, it suffices to expand the operator T = I + U.V^ 
in the basis composed of V and the basis of the orthogonal to V. Assume now that the matrix 
K = M + U.V* is invertible. Then we can write 


det(M) = det{K — U.V*) 

= det{K) det(/Ar — K~^U.V*) 

= det{K){l- {K-^U,V)) 

= det{K) - {{det{K)K-^U) , V) 
= det{K)-{Cof{K)U,V), 











where Cof{K) is the cofactor matrix of K. The conclusion therefore follows by taking U = (1,1,1)‘ 
and V = (X,X, ...,Xy. Finally, the case K non-invertible is obtained by continuity. ■ 

For equation (ii), it suffices to prove that 

V2{^ - i) det{Kf = det(iF")det(iF). 

^ko 


Since we have assumed that —-^<Afe<-^, VA:G{l,2,...,iV}, there exists 9k £ [0, tt] such 


that 


Afc = -^ cos(0fe) et ^ sin(6»fc). 


We also have 




Afc + A, 


i = 


giSk _|_ gflj 




Vk + Vj '7 sin(6ifc) + sin(6»j) sin(^^^)’ 


Subtracting column from column j in the matrix we get 


Vfce fco} {K)kj-{K)kko = 


sin(g^ 


sin(— 2 ^) 


-(K)kko 


sin(^4^) 

sin(^^) - sin(^)e*(2^g-*(!i^) 


• / ^k~\~^i \ 

sin( 2 ) 


{K)kko 




• / ^ fc “I” ^ T \ 


{K)kko 


= ( e * 2 sin( 


0feo 7 


e 2 


^sin(—^ 2 —). 


{K)kj, 


which implied that 


/9 ko-1 

det(K) = - ^ 


• / ^kr\ — ^7* \ 


sin(6»fej sin(^i 27 ^) 


A similar argument proves that 




(44) 


(45) 


Combining (HU) and (1451) we complete the proof of (ii). 

We focus now on assertion (iii). Subtracting the line fcg from each of the previous lines, we find 
that det(Ar) S K and using (ii), we obtain 

6 det(Ar“) 

P{Xko - ivko) det(A:)(Afeo - ivko) 

^ V2det{Kf + 

i^ko\detiK)y^ *■ 


^We have used the identity sin(a + c) = sin(a + + sin(c — fe)e*C+*>), 







































References 


This allows to define rjf,^ by the following relationship 

Oil./ T-^\ I O 


<1 

det(X)|2 



feo —1 





n 

sin^ 

• 2 




i=i 

Sin 

'( “2 M 



feo —1 

n 

1 - 

cos(6lfeo -h Oj) 


i=i 

1 - 

cos{9ko - 

-Sj) 


feo —1 

n 

1 - 

cos(6lfeJ 

cos{9j) + 

sin(6ifejsin(6>j) 

11 

i=i 

1 - 

cos(6»feJ 

cos{9j) - 

sin(6'fejsin(6»j) 

feo —1 

TT 

1 - 



11 

i=i 

1 - 

2AfcQ Xj 

- 2i>koi'j ■ 



Finally, we get 

g ^J = l J 

— _ 

4l^fco(*^feo - ^^feo) + 1 

cos(20fej + isin(26»fcj 


A parallel argument allows, for the limit t —>■ +oo, to obtain 

lim u{t,Tj + 2Xkot) = A+U{T]-r]+), 
[^+00 ^ 

where this time A+ and are defined as follows 

^-2,^kovto = TT 1 - 2AfcoAj + 2iykonj 

1 — 2AfcnAo — 

j=ko + l ° ^ ° ^ 

and 

= e ^j='=o+i ^. 

This completes the proof of Theorem 11.11 
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